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Abstract

Product-harm crises are the nightmare of any firm due to their disastrous ef-
fects on sales and image. These crises lead to loss of consumer trust, severe
damage to brand reputation, extensive negative media coverage, legal and fi-
nancial repercussions, decline in market share, negative impact on investor
confidence, and increased regulatory scrutiny. Overall, product-harm crises
pose significant challenges to companies, emphasizing the critical importance
of effective risk management and crisis preparedness. The present paper
proposes a new model to compute the optimal investment in quality and ad-
vertising in order to reduce the probability of occurrence of a possible prod-
uct-harm crisis and mitigate its effects. This method uses stochastic control
theory and can be used for both tangible products and services. An extension
of this method is also proposed in order to take endogenously competition.
This extension uses a game theoretical approach.

Keywords
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1. Introduction

Many examples remind us that no company is immune from a product-harm
crisis which can generate losses of several billion dollars. No sector is spared by
this issue, we can mention, for example the car industry (Toyota), the food and
beverage industry (Perrier) or the catering (Buffalo Grill). Between 2009 and
2010, Toyota had to carry out vehicle recalls due to quality-related issues. The cri-
sis was triggered by reports of unintended acceleration in several Toyota models,
which led to accidents, injuries, and even fatalities. In 1990, traces of benzene, a

chemical compound potentially harmful to health, were detected in bottles of
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Perrier mineral water. As a result, Perrier issued a voluntary recall of millions of
bottles worldwide, and sales were temporarily suspended in many markets. In
2002, Buffalo Grill, a French restaurant chain, admitted of having imported Brit-
ish meat after the 1996 embargo related to mad cow disease. This caused an im-
mediate drop in attendance of 40%. As evidenced by the case of Toyota, firms
known to invest heavily in quality can be affected as well as less virtuous firms.

In the US, since many years, these crises are always accompanied by costly
class action lawsuits which can be even more damaging than the decline in sales
or the image degradation. Quite recently, the European Commission has prom-
ulgated a directive allowing class actions in Europe. To make things even worse,
consumers now act as “consum-actors” and do not hesitate to organize boycotts.
The case of Kitkat chocolate bars shows us that a powerful company may be
forced to revise its production and communication under pressure from con-
sumers. In the current climate, no company can ignore the impact of a prod-
uct-harm crisis when making strategic decisions. Unfortunately, few tools are
used to quantify the effects of a decision on a possible crisis. Currently, compa-
nies have a variety of tools to assess the impact of investments in normal cir-
cumstances but not the effects on a possible crisis. Today there is a real lack, and
almost everything remains to be built.

Crisis management is an important area of management science and many ar-
ticles and books have been written on this subject, for example (Bernstein, 2011),
(Augustine, 1995) or (O’Donnell, 2009). Most of these publications offer pre-
cepts to follow when crises occur. Some also offer recommendations to prevent
or mitigate a future crisis, without quantifying the effect of these recommenda-
tions. That said, for twenty years, researchers have proposed studies to quantify
the consequences of a crisis. Some have used an experimental approach and have
studied the effects that a crisis can have on consumer expectations (Dawar &
Pillutla, 2000) or the brand loyalty (Stockmyer, 1996). Others have used empiri-
cal approaches to quantify the effects of a crisis on sales (see (Van Heerde et al.,
2007) or (Cleeren et al., 2013)). However, all these studies analyse the crisis ex
post and do not offer the manager a tool to measure the impacts of today’s deci-
sions on any future crisis. Other researchers have studied this problem and have
proposed models allowing an ex ante analysis of crises. Using optimal control
theory, they built models that calculate the optimal decision to make in an an-
ticipatory manner while considering the effects of any future crisis. We can cite,
among others, the pioneering work of (Rao, 1986) and later those of (Raman &
Naik, 2004). Unfortunately, all these works assume that the crisis follows a Wie-
ner process. This means that, for these models, the crisis is not sudden and vio-
lent but its outbreak is spread over time and its effects are the result of a multi-
tude of small underlying crises. These models are obviously not realistic, but
(Rubel et al., 2011) proposed a new model closer to reality. Adapting the work of
(Boukas et al., 1990) and (Haurie & Moresino, 2006) in optimal control theory,

they developed a model where crises are described by a Poisson process. The
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model proposed by Rubel et al. calculates the optimal investments to be made in
advertising, while considering the effects of a possible crisis. More recently, Ru-
bel (2018) proposed a version where competition is described with a game theo-
retical framework.

Dynamic advertising problems have been extensively studied since the pioneer
work of (Nerlove & Arrow, 1962), (Vidale & Wolfe, 1957), (Kimball, 1957) or
(Bass, 1969). A nice and complete literature review on the subject has been done
by (Huang, et al., 2012). However, few works have been done to study dynamic
advertising problems where the quality is a decision variable. (El Ouardighi & F.
Pasin, 2006) seem to be the first to propose such a model. They were followed by
(Nair & Narasimhan, 2006), (De Giovanni, 2011) and (El Ouardigh & Kogan,
2013, El Ouardighi et al., 2008).

The present paper proposes an extension of the model developed by Rubel et
al. (2011). Indeed, we provide a new model to calculate the optimal investments
in quality and advertising considering the effects of a possible product-harm cri-
sis. We apply the numerical method proposed by (Kushner & Dupuis, 1992).
This method relies on a discretization of time and space and allows to reformu-
late a stochastic control model into a Markov Decision Process (MDP). The so-
lution of this MDP can be computed solving a linear program.

This paper is organized as follows. In the second section, we present the
model. In the third section, we explain the numerical method used throughout
this paper. The fourth section is dedicated to a numerical case study. The fifth
section considers a model that takes endogenously the competition and finally,

in the last section, further research directions are proposed.

2. The Model

We propose to extent the model proposed by Rubel et al. (2011), allowing in-
vestments in quality. Let /=0 denotes the precrisis regime and i=1 the
postcrisis regime. Denote with S the sales and Q the quality. Following the ex-
tension of the Vidal-Wolf model proposed by (Sethi, 1983), the sales dynamics

are given by

8 O, (M (1)=5()) - 85(1) -5 (1)(1-0(1). M

where M is the market size, u the investment in advertising, £ the effective-
ness, & and & decay rates. The quality dynamics are given by
dg
=~ (1-2(1)) - 10(1), (2)
where v denotes the investment in quality, & the effectiveness and x the
decay rate. The crisis follows a continuous time Markovian process with genera-

tor
4q; =G +6u0, 1#]J. (3)

As usual, we denote with
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q' =29, =q(0.i). (4)

J#i
When a crisis occurs, the sales fall and the damage rate is denoted with ®. In
other words, the sale Sfalls to (1—®)S, where of course 0<® <1. The profit
function is given by

ﬁ(S,Q,u,v):mlS—m2SQ—m3u—m4v, (5)

where m, is the unit margin, m, the unit production price for quality, m,
and m, investment costs. The objective is to maximize the discounted expected

profits
V(S(O),Q(O),i)=maxEU:e””ﬂ(S,Q,u,v)dt} (6)

with discount rate p .

For compactness we write x=(S,0), w=(u,v), x=f(x,i,w), VV(x,i)
the gradient of V' (x,i) with respectto x, ®(x)= ((1 —GD)S,Q) and
q(x,i)=¢(0,i). Applying standard dynamic programming analysis, we obtain
the following Hamilton-Jacobi-Bellman (HJB) equations that provide sufficient
conditions for the optimality (Fleming & Rishel, 1975):

PV (x,0) = max {7z (x,w)+ V¥ (x,0)- f (x,iw) + [V (®(x),1) ¥ (x,0) ]q(x.0)} ()

pV(x,l)=myale{ﬂ(x,w)+VV(x,l)-f(x,i,w)—i—[V(x,O)—V(x,l)]q(x,l)} (8)

3. Numerical Method

In general, the HJB system of Equations (7-8) cannot be solved analytically.
However, using Kushner and Dupuis method (Kushner & Dupuis 1992), a nu-
merical approximation can be computed. The space of the variable x, is dis-
cretized with mesh #, . In other words, the variable x, belongs to the grid
g = {x,‘c“i“,x,’cnin +h, XM + 2hk,---,x,?‘ax} . Let G=G xG,, we denote with 0G
the grid’s boundary. We approximate the partial derivatives by finite differences

taken in the direction of the flow:

V(x+ekhk,i)—Vj (x,i)

ift f, (x,i,w)>0

R N
X — —
k (x:l) (X € kal) if fk(x,i,w)<0,
hk
where e, the unit vector of the 4-th axis. Let
£ (x.,w) =max {0, £, (x,i,w)} (10)
f,;(x,i,w):max{o,—fk (x,i,w)}. (11)

For x €, wedefine £ =min{yeG|y2x (1-®)} and
X, =max{yeg|y§xl(1—(l)) or y:xlmi“} .For X, #X,, we approximate
V(CD(x),l) as follows
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XX X X

V(®(x),1) > LV (£,1)+

X=X X~ X

v(%.1). (12)

Substituting the differences to the partial derivatives in Equations (7-8), one

obtains
X=X s X=X e _
pV(x,O)—mgx{ﬁ(x,w)+{ﬁV(x,l)+—£] %, V(x,l) V(x,O)}q(x,O)
JrZ:[V(x+e,jzk;lO)—V(x,O) ” (x,O,w) (13)
+V(x,0)_Vh(x—ekhk,0) f}: (x’O’W)J}'
and
pV(x,l):max{ﬁ(x,w)+[V(x,0)—V(x,l)]q(x,l)
+Z(V(x+ekhk};1)—V(x,1)fk+(x’l’w) (14)
+V (X)_Vh(x_ekhk)fk_(xﬂlﬂw)J}'
Let
a)=r£13)lgq(x,i)+z|ﬁ()hc—’i’u)| (15)

Define the interpolation interval

A= (16)
p+w
and the discounting factor
r=—2_ (17)
p+o

We define transition probabilities IT(x,y,i, j,w) as follows:
o« When xeG\0G the transition probabilities from x to any neighbouring
value xzteh, , if we stay in state 7 are given by
+ .
S (x,i,w
H(x,xiekhk,i,i,w):—fk ( ) (18)
wh,
« When xeG\0G the transition probabilities to stay in the same state are

given by

|fk (x,i,u)|
Iy

q(xi)+2,

I i) =1—
(x,x,l,l u) -

(19)

o« If X, =X,, the transition probabilities from i=0 to i=1, are given by
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M(x5,0,1,0) = 250 (20)
(4]
If X, #X,,wehave

-X 0
(e 5,0,10) = 5% 40) (21)

X—-X o
(. 5,0,1u) = =0 4(50) (22)

Xx-X o

o The transition probabilities for a jump from i=1 to i=0 are given by
H(x,x,l,O,u):M. (23)
®

« On the boundary 0G of the grid, the probabilities are defined according to
a reflecting boundary scheme.

« All the other transition probabilities are zero.

The possible transitions are represented in Figure 1, Figure 2. Substituting
this in Equations (13-14) and rearranging terms leads to the following dynamic
programming (DP) equations:

V(x,i)= max{;r(x,w)A + rZH(x,y,i,j,w)V(y,j)}. (24)

»J

i=0 i=1

Figure 1. Transitions in the grid set (precrisis regime).

i=0 i=1

Figure 2. Transitions in the grid set (postcrisis regime).
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If ones assume that the control belongs to a finite set, these equations are the
DP equation of a discrete state MDP. It is well established that the approximat-
ing MDPs lead to approximations of the value functions that converge weakly
toward the continuous time solutions of the DP equations. Using the classical
verification theorems of DP, we conclude that the optimal solutions obtained
from the approximating MDPs provide a g-optimal solution to the continuous
time problem.

To solve these DP equations, we can use a linear programming formulation
(see Puterman (2005)). Let B(x,i)>0 with )" B(x,i)=1. We have to solve
the following problem: ’

max Y 7 (x,w)AZ(x,i,w) (25)

s.t.
ZZ(y,j,w)—rZH(x,y,i,j,w)Z(x,i,w)zB(y,j), vegG, j=0,1 (26)

X,0,w

Z(x,i,w)20, (27)

Then the optimal policy is given by
Z(x,i,w)
> Z(xiv)

D(w|x,i)=1 if wis the optimal decision for the state (x,i) and zero oth-

D(w|x,i)= (28)

erwise.

4. Numerical Experiment

The main objective of this numerical experiment is to provide the proof of con-
cept for our method. Using fictive but realistic data, we also illustrate the kind of
results the method can provide. We run the model for the set of data given in
Table 1 and the grid given in Table 2.

Table 1. Data.

Precrisis regime Postcrisis regime

a 0.5 0.5 P 0.06
H 0.1 0.1 m 100
Y] 0.05 0.05 m, 0.5
o 0.1 0.3 m, 20
& 0.01 0.03 m, 1

& 0.5 2 o} 0

é —-0.005 0.05

M 100 100
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Table 2. Grid.

Minimum Maximum Mesh
0 100 4
Q 0 100 4
u 0 100 10
14 0 100 10

Figure 3 and Figure 4 show the optimal policy for both regimes. The graphic
on the left of Figure 3 shows for the precrisis regime, the optimal investment in
advertising given the state of sales and quality. As expected, we notice that the
higher the quality, the higher the advertising and the lower the sales the higher
the advertising. The graphic on the right of Figure 3 shows the optimal invest-
ment in quality given the state of sales and quality. As expected, we see that the
lower the quality, the higher the investment in quality and the lower the sales the
higher the investment in quality. Figure 4 shows similar results for the postcrisis
regime. The graphic on the left of Figure 5 shows the evolution in time of the
sales for two initial values. The graphic on the left of Figure 5 shows the evolu-
tion in time of the quality for two initial values. This figure shows that the tra-
jectories are attracted by the so-called turnpike. This figure shows two trajecto-
ries in the precrisis regime, one starting from the point S(0) = 50 and Q(0) = 10,
the other starting from the point S(0) = 90 and Q(0) = 80. We see distinctly that
both converge to the turnpike S = 76.2 and Q = 47.3. Similarly, Figure 6 shows
the turnpike for the postcrisis regime (S = 60.1 and Q = 69.5). As expected, sales
decline in crisis times. Interestingly we see that, in case of crisis, it is optimal to
invest more in quality in order to quit as soon as possible this turmoil phase. Fi-

nally, Figure 7 shows the steady state probabilities for both regimes.

5. Competition

In this section, we consider a model that takes endogenously competition. More
precisely, we consider a market where two firms compete for the same custom-
ers. The model is identical to the model described in Section 2 except for two

differences. First, Equation (1) is enriched as follows

%:/WQI(%(M(O—S[(r)—S,,(t))—cz,Sl(r)—es,(t)(l—Q](t)). (29)

In this notation, the subscript / denotes firm /e{1,2} and the subscript
—/ denotes the other firm. This Equation links the sales dynamics of both firms.
As we are in a non cooperative competition we have to find a Nash equilibrium.

Consequently, the objective function (Equation (6)) writes now

W,(wl,w_,,i):E[J:e””ﬂ(S,,Ql,u,,vl)dt:| (30)
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and

a0 L L

Figure 5. Two optimal trajectories with different initial values (precrisis regime). Left: sales; right: quality.
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o 2 4 t 6 8 10 o 2 4 t 6 8 10

Figure 6. Two optimal trajectories with different initial values (postcrisis regime). Left: sales; right: quality.

PO

S

Figure 7. Steady state probabilities. Left: precrisis regime; right: postcrisis regime.

It is illusory to solve this model without numerical method. Applying the
same method as in Section 3, we would have to solve a non zero sum competitive
Markov decision Process. The solution could be found through the equilibrium
of a bimatrix game. Unfortunately, this problem is equivalent to a mixed-integer
program and we face the famous curse of dimensionality. Knowing that the tra-
jectories are attracted by the turnpikes, to get around this problem, we consider
the following approximation. When there is a change of regime, we suppose that
the competing firm’s trajectory jump instantaneously to the corresponding
turnpike. This approximation is valid if the speed to reach the turnpikes is fast
compared to the average time spend in a regime.

Then, concretely our model reduces to a fixed point problem where the op-
erators are given by two MDP similar to the one described in Section 3. Al-
though the properties of the operators are not known, our numerical experiment
suggests they are contracting. This permits us to use a standard iterative method
to find the fixed points.
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Table 3. The turnpikes for Firm 1.

) Firm 2
Frm 1 precrisis postcrisis
precrisis S=464 0=34.0 §=538 0=388
postcrisis §=360 0=659 S=426 Q=672

For the numerical illustration, we used a symmetrical model where the pa-
rameters are the same as those of Section 4. For the results, we display only the
turnpikes values, as the controls and the trajectories have the similar behaviour
as those in Section 4. Table 3 shows the turnpike for Firm 1. As the model is
symmetrical, the turnpikes form Firm 2 is identical. These results show us that
when a firm is in a postcrisis regime, it is optimal to increase the quality. This
confirms what we observed in Section 4. In addition to this information, this
game theory model suggests that each firm will take advantage when the other
firm has a crisis. Indeed, we see distinctly that the quality is increased when the

other firm has problems.

6. Conclusion

In this paper, we have proposed an original method to compute the optimal in-
vestment in quality and advertising in order to reduce the probability of occur-
rence of a possible product-harm crisis and mitigate its effects. This method is
an extension of the method proposed by Rubel et al. and uses a stochastic con-
trol theory approach. A numerical approximation of the optimal policy is com-
puted using the method proposed by Kushner and Dupuis.

We also proposed an extension of our model in order to consider the compe-
tition endogenously. More precisely we proposed a game theory model where
two firms compete for the same market. As this latter model faced the famous
curse of dimensionality, we used a trick: both firms are linked only with their
turnpikes’ states.

For our fictive case, numerical results show that in case of crisis, it is optimal
to increase the investments in quality in order to quit as soon as possible this
turmoil phase. For the competing case, the model shows that each firm will take
advantage when the other firm has a crisis by increasing its investment efforts.

Although this method enhances existing methods, it could be improved on
two points. First, our method, like other numerical methods, suffers from the
curse of dimensionality. Indeed, for cases with many different products, the
model could be numerically intractable. To get around this problem it could be
judicious to confine our attention on the turnpikes and develop a new method
for approximating the optimal policy. Another possibility would be to discretise
the time but not the space and use, for instance, a least squares solution method
(Kek et al., 2017). Second, for the extension where competition is considered, we

assumed that only the turnpikes link the different actors. It would be interesting
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to enrich the approach and consider a link at any points of time.
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